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THE STRESSED STATE NEAR CURVILINEAR REINFORCED ORIFICES 
I N  SHELLS 

A. N.  Guz' and G. N. Savin 

ABSTRACT 

Inves t iga t ion  of t he  s t ressed  s t a t e  i n  s h e l l s  near 
curv i l inear  o r i f i c e s  re inforced with t h i n  e l a s t i c  r ings .  
The general  case i s  considered, as w e l l  a s  t he  p a r t i c u l a r  
case of the  s t r e s sed  s t a t e  of a spher ica l  s h e l l  loaded with 
a uniform i n t e r n a l  pressure and weakened by an e l l i p t i c a l  
o r i f i c e  with a s m a l l  e ccen t r i c i ty ,  the  edge of t h i s  o r i f i c e  
being reinforced with an e l a s t i c  r ing .  

I n  reference 1 an approximate method was proposed f o r  inves t iga t ing  
the  s t a t e  of stress i n  s h e l l s  weakened by curv i l inear  holes  whose contours had 
no angular po in ts .  
l a t i o n  of the  problem given i n  reference 2 and the r e s u l t s  of reference 1, we 
inves t iga te  the  s t a t e  of stress i n  s h e l l s  near curv i l inear  holes supported by 
t h i n  e l a s t i c  r ings  (considered as  mater ia l  threads)  

f lexure and torsion. '  
reference 3. 

/ l O 3 *  

In  the  present  paper, proceeding from the  general  formu- 

which resist  tension, 

The boundary values f o r  t h i s  case were obtained i n  

1. The inves t iga t ion  of the  addi t iona l  s t a t e  of stress i n  the  s h e l l  near 
a curv i l inear  re inforced hole i s  reduced (refs.  2, 1) t o  the  so lu t ion  of t he  
equation 

with the  corresponding boundary conditions.  
mensionless coordinates r e fe r r ed  t o  ro. 

i n e r t i a  for t he  t ransverse cross-sect ion of the supported r i n g  l i e s  i n  the  
median surface of t he  s h e l l  and assuming t h e  bas ic  assumptions of the  theory 
of hollow s h e l l s ,  t h e  boundary conditions can be wr i t ten  i n  t h e  form (ref .  3) 

Equation (1.1) i s  wr i t ten  i n  d i -  
Assuming t h a t  one of the axes of 

I 

*Numbers given i n  margin ind ica te  pagination i n  o r ig ina l  foreign text. 
'We use the  designations adopted i n  reference 1. 



N 

where (Tn, . . . , Qn, un, us, w )  a re  t he  components of the addi t ional  s t r e s ses  

and s t r a i n s ;  (T:, . . ., &n, un, u:, wo) are  t he  components of the basic  s t r e s s e s  

and strains; '  ( T ( O ) .  . ., q0)) are t h e  ex terna l  loads ac t ing  on the sup- /lo4 

port ing r ing ;R* i s  t he  radius  of curvature of the  hole contour i n  the  plane of 
var iab les  associated with the  median surface of t he  she l l ;  A, B and C i s  the  
f l exura l  r i g i d i t y  of the  r i n g  with respect  t o  two 'axes and the  to r s iona l  
r i g i d i t y .  F i s  the  cross-sect ion area of t he  r ing .  

4 0  

n' 

L e t  us assume t h a t  the funct ion 1 
z = 5 + ef ( 5 )  ( z  = reie, z = re") (1 .3)  

i n  the  plane of the  var iab les  associated with the  median surface of t h e  s h e l l  
produces a conformal transformation of an i n f i n i t e  plane with a c i r cu la r  hole 

of u n i t  radius  i n t o  an i n f i n i t e  plane with the  considered hole.2 
reference 1, w e  represent  a l l  t he  quan t i t i e s  i n  (1.1) and (1.2) as expansions 

Following 

i n  s e r i e s  of 8 .  

coe f f i c i en t s  i n  f r o n t  of ej, we obtain the  boundary conditions i n  the  j - t h  
approximation 

Subs t i tu t ing  these quan t i t i e s  i n t o  (1.2)  and co l lec t ing  the  

'We use the  terminology adopted i n  reference 2.  
%e should note t h a t  when 8 << 1 the  shape of the  hole contour may vary sub- 
s t a n t i a l l y  from t h a t  of a c i r c l e .  

2 



where T:(j), ..., q(j) are  the  expansion coe f f i c i en t s  of t he  components of the  

basic  s t a t e  of stress, (Tn ( o > ( j )  , 4 0 ) ( j ) )  &n are  t h e  expansion coef f i -  /lo5 

c i e n t s  f o r  ex terna l  forces  which a c t  on the  r ing ,  uo7 vo and wo are  the  compo- 
nents of the  basic  s t a t e  of s t r a i n  i n  t h e  polar  system of coordinates, i n  

which r and 8 are replaced respec t ive ly  by p and y, 

t he  d i f f e r e n t i a l  operators  whose form i s  complex and w i l l  not be presented 

here (L7 - ... = L12 

( p ,  y ) ,  T?), ..., qj)? u ( j )  and Jj) a re  presented i n  reference 1. 

L( j -m> (2-m)  are 
7 ? - . -  L12 

G 0) ;  the  equations and formulas f o r  determining g j  1 (0) - - - ( 0 )  

are obtained i n  the  general  form. The calcula-  (1) 'The operators L~ , . . ., L~~ 

t i o n s  necessary t o  obta in  t h e  operators  fo r  t he  subsequent approximations are 
extremely cumbersome. 

3 



To determine the  stress components i n  the  s h e l l  it i s  necessary t o  make 
use of results presented i n  reference 1. 

@jj,  u ( j )  and v(j), we see t h a t  i n  each approximation (with respect  t o  mj) t he  

problem i s  reduced t o  the  so lu t ion  of a boundary value problem f o r  a c i r c u l a r  
hole i n  the  plane 5 .  

From (1.4) and from the  equations f o r  

2 .  L e t  us consider t h e  state of stress i n  a spherical  s h e l l  loaded with 
uniform i n t e r n a l  pressure p and weakened by an e l l i p t i c a l  hole with small 
eccen t r i c i ty  and with the  edges supported by an e l a s t i c  r i n g .  

For an e l l i p t i c a l  hole w e  have 

where a and b are semiaxes of the  e l l i p s e .  

We s h a l l  assume t h a t  t h e  bas ic  s t a t e  o f  stress of t he  s h e l l  i s  momentless; 
then 

We s h a l l  assume t h a t  t he  hole i s  closed with a cover of spec ia l  construc- 
t ion ,  which t ransmits  t he  pressure t o  t he  r ing  as a t ransverse force .  
s h a l l  assume t h a t  t h e  va r i a t ion  i n  the  t ransverse force along the  contour has 
the form 

We 

W e  s h a l l  represent  t h e  funct ion % (r, e )  ( re f .  1) i n  the  form 

where 

4 



-- 
x = r d l / m v 1 2 (  1 - va), H g )  (rn V T )  = her* xr + i he& xr ,  

The displacements u ( j )  (p ,  y) and v ( j )  (p, y )  are  determined f rom the  sys- 
Subs t i tu t ing  (2.2)-(2.4)  i n t o  (1.4) tem of equations presented i n  reference 1. 

we obta in  a system of a lgebra ic  equations f o r  t he  coe f f i c i en t s  c2 J /io6 
j ,  2.k 

j' 2k j ,  2k and d j ,  I n  the  zero approximation we arrive a t  t h e  corre- 
d2 c4 4 
sponding problem with a c i r c u l a r  hole of rad ius  ro, spec i f i ca l ly :  t o  the  prob- 

l e m  on the  stress concentration.near a c i r c u l a r  hole i n  a spherical  s h e l l  which 
i s  subjected t o  a uniform i n t e r n a l  pressure p .  !be constants f o r  the  zero ap- 
proximation w i l l  be 

Pr: 
2Dxa 

roxD hei"x + (Drov - A )  hei'x c y  = -- . 
roxD (her' x her' x + hei' k hei" x )  + (Drov - 0) (her'a x + h d 2  x )  ' 

00 pREtFr i  J f l Z  (1 - v2) (2 .5 )  
Eha [Ehro + - E i k T l m  ' (1, = 

00 Pr4 d4 =-L roxD hee" x + (Drov - A )  her' x 
2Dxs roxD (her' x her" x +  hei' x hci" x )  + (Drov - A)  (hefa x + x )  ' 

Taking i n t o  account reference 1, w e  obtain the  following expression f o r  
t he  components of the  s t a t e  of stress along t h e  contour of the  hole ( p  = 1) 

Ehro + V E I F  
Ehro + EIF (r+v) 2':"' = 2poh 2E1F 

Ehro + E1F (1 + Y )  ' T:(o) = 

roxD (hei'x her x - hei x her" x )  + (Drov - A )  (hei' x her x - her'x hei x )  
roxD (her.' x her" x --hi' x hei" x )  + (Dr,v - A )  (her'ax + hei'a x )  ' - pohx 

X 
xh A Poh ___- VI2 (I - Y a )  

67') = - 
hei' x her" x -her' x hei" x 

roxD (her' x her" x + hei' x hei" x )  + ( D r o v y  A )  (her's x + herd x )  ' 
X 

Gi'O' = xh 
1/12 (1 - v2) 

(Dro - D r d  + AY) (her x her' x + hei x hei'x) 
;OxD (her' x her" x + hei' x hei" x )  (Drogf iA)(her '2  x + herz x )  

* W e  note t h a t  T,I p=l (2 .6)  f o r  t he  s h e l l  i n  the  case of a c i r c u l a r  hole  

does not depend on the  sphere rad ius  R and coincides completely (ref.  4) with 

T*I f o r  a c i r c u l a r  hole i n  a p l a t e  subjected t o  a tens ion  p$ from all s ides .  

If we  l e t  R = m i n  (2.6),  w e  ob ta in  ( re f .  4) t he  values of t he  stress components 

n p = l  
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for a f l a t  p l a t e ;  i f  w e  l e t  El = 0 or E 

g i d i t i e s  A, B and C, E 

t h e  stress components on t h e  contour of a c i r c u l a r  hole i n  a spher ica l  s h e l l  
(ref.  5 ) ,  which is, respect ively,  not supported or supported with an absolu te ly  
r i g i d  r ing .  

= O3 ( i n  the  expressions f o r  t he  ri- 1 
i s  contained as a mul t ip l i e r ) ,  we ob ta in  the  values of 1 

For a spher ica l  s h e l l  with a radius  R = 200 cm, a thickness of h = 0 .2  
cm, ro = 10 cm, u = 0.3, u1 = 0.3 and f o r  a r ing  of square cross-sect ion whose 

s ides  a r e  0 .1  r * 
long, figure 1 shows the  re la t ionships  ( p  = 1): Tn/poh 0 * 

curve I '  f o r  t he  s h e l l  and t h e  p l a t e ;  Ts/poh curve 11' f o r  the  she l l ;  

f o r  the  plate; 6Gn/poh2 curve I", 6Gs/pOh curve 11" as  a function of 

rameter cy = E / ( E ~  + E ) .  

* * 2  

1 

The system of a lgebra ic  equations which i s  used t o  determine the  

curve I1 

the  pa- 

&7 
1 ,2  

'j2 d1J2, C1j2 and d constants C 

very bulky. 

when j = 1 i s  not presented because it i s  
2 '  2 4 4 

The remaining constants i n  (2 .4)  are equal t o  0 when j = 1. 

For small 
approximation. 
write down the  
racy up t o  8 :  

Ti = 

values of 

expression for t he  values of the  stress components with an accu- 

(2 .1 )  we l i m i t  ourselves t o  the  zero and t o  the  f i rs t  
Taking i n t o  account the  r e s u l t s  obtained i n  reference 1, we 

2 d:' + c2a (her2xp - 4 heii xp) - d:2 (hei, x p  + 4 her; x p )  - x2p4 + 

cos 2.(, + c,'x- 4- &Ox--. 0 0 hei"'xp her'" xp 
P P 

x' G i  = - D - {c:' [(I .- Y) her" x p  - Y hei xpl - [(I - Y) hei" x p  i- 

+ v herxpl} - lia '2 -+ c:,~ [(I - Y) her; x p  - 

b 



I 

- v hei, xpl - d:,' [(I - Y) hei; xp + Y her, xpl + 
+ f c:' [ ( I  - v) herm x p  - v hei' xpl - d4 'lo 25. [(I - Y) hei"' xp + 

P 

+ v her' xpl cos 27, } 
x2 C: --D - { c r  [hei x p  + (1 - Y) her" xpI,+ dopo [herxp - (1 - v)hei"xp]}+ 

-C RD;;i p.( w + c : "  [(I-Y) he< xp + hei,xpl + d:., [- (1 - Y) heii xp+ 

3- her, xpl + 2 c:' [hei' xp + (1 - Y) her"' xpl + 

r: 
d x2 l - - V  

P 

+ 2 d:' [her' xp - (1 - v).hei"' xp] cos 21.. 
P t 

Figure 1 

To obtain s t r e s s - s t a t e  value components f o r  the hole contour, w e  must have 
* * * 

p = 1 i n  (2.7) .  The components T T* G and G along the  sec t ions  y = 0 and 
n' s' n S 

Y = n/2 with E 

r ing  with the  following parameters: R = 200 cm, r = 10 cm; h = 0.2  cm; 

V = 0 . 3 ;  V 

with a s ide  length of 0.1 r 

= 0; E /E = 2.632; E 1 1 1 = 00 were determined f o r  a s h e l l  and a 

0 

= 0 .3  ( v ~  f o r  t he  r i n g ) ;  a/b = 1.2; a r ing  of square cross-sect ion 1 

0' 

/io8 +e Figures 2-5 show the  var ia t ion ,  respect ively,  i n  T:/poh, Ts/poh, 

6Gn/poh * 2  and 6Gs/poh * 2  computed by means of equation (2.7)  as a function o f  t he  ;* 
dimensionless parameter t--the dis tance from t h e  contour of the  hole with r e -  
spect  t o  ro = (a f b) /2 .  The s o l i d  l i n e  pe r t a ins  t o  a c i r c u l a r  hole, while t he  

broken l i n e  pe r t a ins  t o  an e l l i p t i c a l  hole with y = 0.  The dot-dash l i n e  per- 
t a i n s  t o  e l l i p t i c a l  hole with y = n/2, and the  curves designated by index I 
correspond t o  the  value El = w, those with index I1 correspond t o  E1/E = 2.632, 

while those with index I11 correspond t o  El = 0. 
/ lo9 
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Figure 3 

Figure 2 

Figure 4 
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W e  can see from t h e  graphs t h a t  even a s m a l l  e l l i p t i c a l  hole (a/b = 1.2)  
has a strong e f f e c t  on the  s t r e s s  d i s t r i b u t i o n  near it. When w e  move away a 
dis tance of 1.3 r - 2 r from the hole, t h e  d i s t r i b u t i o n  of forces and moments 

near the  hole i n  the  s h e l l  i s  very close t o  t h a t  of the s t a t e  of s t r e s s  i n  a 
c i r c u l a r  hole, and as we move f u r t h e r  away it approaches a momentless state of  
s t r e s s .  A s  the  r i g i d i t y  of the  supporting r ing  increases,  the  concentration of 
forces and moments increases  a t  the  end of the  minor semiaxis and a t  the end 
of the major semiaxis. 

0 0 
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